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Fig. 1. Letters benchmark. For a scene containing approximately 900K vertices with numerous constraints of varying sizes, gCDT achieves an overall
speedup of roughly 25X over the prior state-of-the-art GPU-based CDT algorithm gDel2D [Qij et al. 2013, 2019], while the constraint-processing component is

nearly three orders of magnitude faster.

2D constrained Delaunay triangulation (CDT) is a key component in CAD,
visualization, and scientific computing. We present a highly parallel GPU-
based method capable of computing CDTs on inputs with millions of ver-
tices, while efficiently and robustly enforcing arbitrary valid constraints.
On benchmarks with complex constraints, our method typically delivers
several-fold speedups over the prior state-of-the-art GPU approach and is
roughly an order of magnitude faster than widely used CPU implementa-
tions. The efficiency stems from an improved parallel edge-flipping scheme
coupled with a constraint-handling algorithm with provable time complexity,
enabling stable performance even on adversarial and difficult configurations.
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1 INTRODUCTION

Constrained Delaunay triangulation (CDT) [Lee and Lin 1986] is
a fundamental primitive for planar meshing and planar straight-
line graph (PSLG) processing: it produces a triangulation that pre-
serves prescribed segments (constraints) while retaining Delaunay-
type quality for downstream tasks such as interpolation, remesh-
ing, and simulation [Chew 1989]. CDT appears throughout CAD
sketch/profile processing, terrain and GIS breaklines, and multi-
material interfaces, where boundaries and internal feature lines
must be honored.

At modern scales, CDT is increasingly performance-critical yet
must remain robust. Large point sets and dense constraint net-
works are triangulated repeatedly in iterative pipelines, and near-
degenerate inputs (e.g., clustered points or near-collinearity) are
common in real data. While optimal O(nlogn) constructions exist
in theory, practical performance is often dominated by constant
factors, memory traffic, and the cost of robust geometric decisions.
GPUs offer massive throughput and memory bandwidth, but CDT is
difficult to map efficiently: the algorithm features irregular control
flow, dynamic topology updates, and constraint enforcement that
must avoid race conditions and invalid intermediate states.

We present gCDT, a highly parallel GPU algorithm for robust CDT
on large PSLGs. The method reformulates key operations as bulk-
synchronous, conflict-controlled primitives and enforces constraints
using a strategy with predictable behavior, including challenging
adversarial configurations. On an NVIDIA GeForce RTX 4090, gCDT
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computes CDTs for inputs with up to 10 million vertices in about
0"1 seconds, typically achieving several-fold speedups over the prior
state-of-the-art GPU approach and roughly an order-of-magnitude
speedup over widely used CPU implementations.

Our contributions are:

A parallel vertex-insertion stage that constructs a lightweight
history tree for e cient point location;

A parallel constraint enforcement stage based on load-balanced
strip walking, ordered cavity retriangulation, and simultane-
ous handling of multiple constraints;

A GPU-friendly edge- ipping phase that avoids long serial
propagation while preserving concurrency.

2 RELATED WORK

CPU-based CDT. Robust CDT is widely available in mature CPU
libraries such as Triangle [Shewchuk 1996b] antl  [Boissonnat

et al 2002; Fogel and Teillaud 2015], which are commonly used
as baselines in CAD and scienti ¢ computing pipelines. Classic
constrained-edge insertion and recovery strategies (e.g., Sloan [Sloan
1993]) are e ective sequentially but introduce irregular dependen-
cies and memory access patterns that hinder ne-grained paral-
lelism. Recent work studies parallel Delaunay/CDT construction on
CPUs and large-scale settings [Chen and Gotsman 2013; Lin et al
2016; Rhodes 2018].

GPU Delaunay/CDT and constraint enforcement. Many GPU
approaches target unconstrained Delaunay triangulation, often via
iterative edge ipping thatis amenable to massive parallelism [Navarro
et al 2011, 2012]. Extending these methods to CDT adds the need
to insert and reliably recover constrained edges while maintaining
a valid triangulation, which can become the dominant cost. Prior
work explores this robustness throughput trade-o for PSLGs and
GPU-based CDT construction [Coll and Guerrieri 2017; Qi et al
2013; Rong et aP008]. GPU-CDT [Qi et a013] establishes an

e ective work ow that separates the main stages. Subsequently,
inspired by 3D CDT algorithms, gDel2D [Cao et aD14] combined

the point insertion and edge- ipping stages, achieving more than

a twofold increase in e ciency. PCDT [Coll and Guerrieri 2017]
further observes that constraint recovery is closely coupled with
edge ipping and integrates these operations into a uni ed iterative
loop. In contrast, gCDT treats constraint enforcement as a separate
bulk-synchronous stage and uses load-balanced strip traversal and
local retriangulation to avoid long ip-recovery chains. Elshakhs
et al. provide a broader survey of Delaunay triangulation across
paradigms and platforms [Elshakhs et 2D24]. General-purpose
systems [Jiang et aR022; Mahmoud et aP025] can serve as a
foundation for GPU-based CDT. However, to optimize CDT-speci ¢
performance, we adopt a dedicated approach.

Robust predicates. Reliable orientation and incircle tests are essen-
tial for CDT, especially near degeneracies. Adaptive-precision predi-

Fig. 2. Algorithm workflow. Overview of the algorithm workflow and
the corresponding data transformations. The figure aligns each algorithmic
stage with the data structures it updates.

3 ALGORITHM WORKFLOW

Figure 2 provides a roadmap of the method and the remainder of the
paper. Given an input PSLG, we construct the nal CDT via three
stages:

Vertex insertion: construct a coarse triangulation of all ver-
tices (no constraints and no Delaunay guarantee yet).
Constraint enforcement: enforce all constraint segments
using a one-pass, highly parallel processing scheme.
Delaunay restoration: iteratively ip non-Delaunay edges
until the triangulation satis es the Delaunay condition under
the enforced constraints.

All stages rely on robust geometric decisions and exact arith-
metic for key predicates; Section 4 summarizes the numerical foun-
dations. A key design choice is to decouple vertex insertion from
edge ipping, as is done in GPU-CDT (in contrast to Lawson-style
coupled insertion used by gDel2D or PCDT), which improves GPU
e ciency and simpli es synchronization; see Sections 5 and 7. Con-
straint enforcement is treated as a rst-class parallel stage to avoid
the high iteration counts and contention common in prior parallel
CDT pipelines; details are in Section 6.

4 ARITHMETIC FOUNDATION

The construction and correctness of 2D constrained Delaunay trian-
gulation (CDT) rely on two exact geometric predicates,
$A84=C2 1e ¢« 2and =8A2;41¢« « « ° (details provided in Ap-

pendix B). Adaptive-precision predicates are robust on CPUs [Shewchuk

19964a] but are harder to use e ciently on GPUs when many tests
fall back to the exact path [Qi et aR019]. Since CDT with long
straight constraints exhibits frequent near-collinear con gurations,
we use xed-precision integer arithmetic, following the robust
integer-arithmetic approach of Nehring-Wirxel et al. [2021]. In our
xed-precision pipeline, vertices are represented using integer co-
ordinates. Integer arithmetic avoids round-o error, provided that

cates are a standard foundation for robustness guarantees [Shewchukintermediate computations do not over ow. For CDT predicates,

1997]; Qi et al. present an e cient GPU implementation of this ap-
proach [Qi et al. 2019].
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we therefore bound the magnitude of input coordinates and use
su ciently wide integers for intermediate results. Because most
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Algorithm 1 Initial triangulation by parallel vertex insertion.

Input: Vertex set+
Output: A valid triangulation) (not necessarily Delaunay)
1: Initialize) with a super-triangle that contains all vertices; set
EBCOC4ctive for all E 2+.
2: while 9E 2 + s.t. BC0C4 |nserted do
3. Kernel 1 (Locate): for eachE 2 +in parallel, if B¢0C%
Inserted then
4 LEABBC0®4 RelocatelEs)°
) »EA9,"2 >>B4 £ {last-writer-wins is su cient}

a

6: Kernel 2 (Split): for each triangle C 2 ) in parallel, if
C"2 >>B4 < ; then
7 E +»C"2>>B4%
8: ) Split!C-E®°
9: if B3C0C4 OnEdgethen EBC0C4Active  else E3C0C4
Inserted Fig. 3. History tree. When a triangle is split, we keep the original triangle
10: C"2>>B4 ; as a parent and link it to its children. Identical vertices shared by multiple
11: end while triangles are shown with the same color.
12: return )

triangle currently containing vertexg, E83 is its array index, and
real-world inputs are represented in oating point, we rst nor-  E*C%Cfecords its insertion state.
malize and quantize them to integer coordinates. This quantization Each iteration consists of two kernels: (i) Locate assigns every
may introduce small geometric perturbations, which we discuss in  not-yet-inserted vertex to a host triangle, and (ii) Split lets each
Section 10. triangle insert at most one vertex per iteration. We store in each
triangle a 32-bit eldC"2 >>Bddicating the chosen vertex ID (ar).
Multiple vertices may map to the same triangle in a given iteration;
we do not require deterministic selection any one of them su ces
to ensure progress. Sin€&"2 >>Bd4 a 4-byte write, the last-writer-
wins behavior is acceptable in practice; at least one candidate will
be recorded and inserted.

Bit-width bounds. Assume input coordinates are quantized to
signedl-bit integers after normalization. ThefA84=2 tsin at
most 2, 3 bits, and = 8A2;4ts in at most 41, 4 bits (worst-case).
We therefore evaluate both predicates with a xed integer type;
when supported, we usit128 in device code [Conor Hoekstra
2022], otherwise we emulate wider integers with two 64-bit limbs.
For 128-bit predicate evaluation, the worst-case bouid 4 128 Vertex states and degeneracy. Each vé&teaintains a state in
gives1l 31, sowe usel =31 in ourimplementation. fActives OnEdge Insertedg. Active meansEhas not yet been in-
serted. Inserted meangis already a vertex of the current triangu-
lation. OnEdge handles the degenerate case whelies exactly on
an existing edge (detected in Relocate using robust predicates). In
Split, a regular vertex splits its host triangle into three triangles.
1001620 =1= 02 o 1@¢* 1= °? -, @~ = Q) For an OnEdge vertex, Split rst splits only the selected incident
triangle, creating two triangles, and then marks the vertex Active.
The adjacent incident triangle is handled in a subsequent iteration,
which completes the edge split without requiring both incident

5 VERTEX INSERTION triangles to be claimed simultaneously.

This section constructs an initial triangulation over the input Relocate and Split. Relocate performs point location starting from
vertices, serving as the substrate for subsequent Delaunay restora- the triangle previously associated witi(cached a&*fand updates
tion and constraint enforcement (Section 6.2). Our insertion stage it after topological changes. Because insertion does not ip edges,
deliberately avoids edge ipping. This design has two bene ts. First, the only local changes arise from triangle splits: An old triangle is
it reduces the cost of point location during insertion: once atriangle  replaced by its children, sBcan only move among a constant-size
is split, a point previously located in that triangle can only move  neighborhood. This keeps relocation lightweight and makes it the
into one of its (at most three) children, so point location can be dominant yet well-bounded cost per iteration.
updated with a constant number of predicate tests in expectation.
Second, it preserves an insertion history tree (Figure 3) that we later
reuse to accelerate constraint traversal.

Exact subdivision points. Constraint insertion (Section 6.2) creates
=-division points on segmen?@ We represent the -th division
point as an integer triple

corresponding td‘02¢ 1+2%and evaluate predicates by lifting all
inputs to a common denominator, avoiding rounding.

History tree. We do not delete a triangle after splitting; instead,
we retain it as a parent node and link it to its children, yielding a
ternary tree over the insertion history (Figure 3). With a randomized

Parallel work ow. Algorithm 1 follows a common bulk-synchronous or e ectively shu ed insertion order, the expected depth is logarith-
GPU pattern [Cao et aR014; Qi et al2013]. HereE°-*¥enotes the mic under the standard randomized-insertion assumption, enabling
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fast descent queries for later stages that need to map geometric enti-
ties (e.g., constraint segments) to intersected triangles in Section 6.2.
Compared with more elaborate search structures such as the De-
launay tree [Boissonnat and Teillaud 1986] or related hierarchical
schemes [Guibas et.d992], the history tree is intentionally simple,
GPU-friendly, and su cient for our downstream use.

6 CONSTRAINT ENFORCEMENT
6.1 Constraint enforcement workflow

Constraint enforcement is the core of our CDT pipeline. Instead of a
ip-driven recovery that restores constraints via long chains of local
edge ips, we use a retriangulate-and-stitch strategy, related to CPU-
based approaches [Livesu et 2022; Shewchuk and Brown 2015],
but reformulated here into bulk-synchronous GPU primitives. For
each constraint, we (i) collect triangles intersected by the segment,
(ii) remove the intersected strip to form two polygonal regions, and
(iii) retriangulate them with the constraint on the boundary. This
replaces irregular ip sequences with bulk-synchronous steps that
map well to GPUs.

Sections 6.2 6.5 implement this strategy as four components: Sec-
tion 6.2 nds all intersected triangles in parallel and addresses the
key bottleneck in prior GPU methods - load imbalance caused by
long constraints. Sections 6.3 and 6.4 describe polygon and mesh
retriangulation: we rst explain the single-constraint case to moti-
vate the triangulation rule, and then generalize to the practical case
where triangles may be intersected by multiple constraints. Finally,
Section 6.5 analyzes and repairs the rare failure mode introduced by
con ict resolution (holes), yielding a robust end-to-end procedure.

6.2 Find All Intersected Triangles

Serially tracing the triangle strip intersected by a constraint is stan-
dard: after locating the triangle containing one endpoint, one walks
across adjacent triangles by segment edge intersection until reach-
ing the other endpoint. A direct GPU parallelization that assigns
one thread per constraint, as in [Qi et al. 2013], implicitly assumes
that constraints have comparable length. In practice, constraints
can be arbitrarily long, and a single thread may traverse orders of
magnitude more triangles than others, causing severe load imbal-
ance.

We mitigate this by segmenting long constraints and processing
the resulting segments independently. Using the history tree from
Section 5, we can locate an arbitrary point $tlog=° expected
time by descending the tree. Therefore, we split each constraint into
multiple shorter segments, locate the starting triangle of each seg-
ment independently, and then apply the standard serial strip walk
to each segment in parallel. To distribute work, we allocate threads
from a xed pool proportionally to constraint length, guaranteeing
at least one thread per constraint. Figure 4 illustrates the idea: long
constraints receive more threads and thus more segments, equaliz-
ing per-thread traversal cost. The split points in Figure 4 are used
only for logical segmentation; they are not inserted as additional
vertices into the triangulation. This strategy is simple, avoids global
acceleration structures, and is e ective in practice.
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Fig. 4. Load-balanced triangle intersection for constraints. Each con-
straint is uniformly split into segments; segments are assigned to threads,
and longer constraints receive proportionally more threads.

Fig. 5. Constraint enforcement examples. (a) A constraint intersects

a contiguous strip of triangles. (b) One induced polygon and a feasible
mapping to points on the constraint for visibility arguments. (c) The other
polygon illustrates a worst-case scenario for parallel ear clipping. (d) Two
examples of distance-ordered triangulation.

Although one could treat this as a generic 2D segment triangle
intersection problem and build spatial hashes or BVHSs, those alter-
natives introduce additional construction and traversal overhead
and typically produce unordered hits that require sorting/merging
before polygon extraction. In contrast, strip-walking outputs inter-
sected triangles naturally in traversal order, which directly supports
the subsequent polygon construction.

6.3 Parallel Polygon Retriangulation

For exposition, we assume that each triangle intersects at most one
constraint. Under this assumption, a constraint intersects a strip of
triangles and splits the region into two simple polygons (Figure 5).
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Fig. 6. Constraint intersection cases. Four topological cases of two con-
straints intersecting a triangle, and the corresponding vertex-visibility rela-
tions.

The task reduces to retriangulating each polygon while keeping
the constraint segment as part of the boundary. An ear-clipping
method runs in linear time for this class of polygons [Livesu et al
2022], but its parallel e ciency is highly shape dependent. Parallel
ear clipping can remove only locally convex ears in each iteration;
in the worst case, only two vertices can be processed per iteration
(Figure 5(c)), causing the parallel algorithm to degenerate into nearly
serial execution. Because polygons induced by long constraints
can be large and geometrically irregular, we require a method with
predictable parallel depth.

Distance-ordered triangulation. The induced polygons are closely
related to monotone polygons, enabling a direct adaptation of the
parallel triangulation scheme in [Wagener 1988]. Let the polygon
vertices bege Be " " " «Hn order, wherelge E° is the constraint. Let
3g denote the signed perpendicular (unnormalized) distancggab
the supporting line of 1 E°:

F=1E E® 'Eg Eo% (@)
where is the 2D scalar cross product. We ha%g= 3= = 0 and
3s < 0 for interior vertices in the non-degenerate case. Since only
relative ordering matters, the normalization by E ok can be
omitted. When implemented using the exact integer arithmetic from
Section 43z is computed without numerical error.
Foreach8 2 fle”"""«= 1g, de ne

2=maxf9j0 9 Y88Y 3Ry

3
@=minf9 j8Y 9 =8y 3zg" )
Then the set of triangleg* By, ke E° forms a valid triangulation of
the polygon (Figure 5(d)) [Wagener 1988]. Equivalently, we output
edges'Ey B,° and 'k Eg° for all 8and include the boundary edge
lE). EO_

Correctness. A proof of correctness for the distance-ordered tri-
angulation is provided in Appendix A.1.

5

Fig. 7. Conflicting constraints. A conflicting pair of constraints inter-
secting a strip of triangles. The first and last triangles fall into one of the
boundary cases (3 and 4) in Figure 6; interior triangles are of the shared-
intersection case (1 and 2).

6.4 Parallel Mesh Retriangulation

We now remove the simplifying assumption from Section 6.3 and
handle the general case where a triangle can be intersected by
multiple constraints. If we retriangulate each constraint-induced
polygon independently, overlapping polygons would cause triangles
to be generated multiple times, producing an invalid mesh. A naive
workaround is to process only a maximal independent set of non-
con icting constraints per round. However, this can degenerate to
$1<° rounds for < constraints and o ers little parallelism.

Our approach resolves con icts within a single pass by ensuring
that polygonal regions associated with di erent constraints become
non-overlapping. The key operation is visibility pruning: when mul-
tiple constraints intersect the same triangle strip, we remove from
each polygon the vertices that are not directly visible to that con-
straint because they lie behind another constraint. Importantly,
we remove vertices rather than performing full polygon clipping.
When two constraints intersect a triangle, symmetry yields four
distinct con gurations (Figure 6). If two constraints con ict, they
intersect a contiguous strip of triangles (Figure 7); pruning invisible
vertices is equivalent to clipping along the segment connecting the
mutually visible intersection points in the boundary cases, eliminat-
ing the overlap between the two polygons. This produces disjoint
retriangulation regions that can be processed concurrently.

Visibility pruning can, in rare cases, create holes; we analyze the
necessary condition and repair strategy in Section 6.5.

Implementation. From Section 6.2 we already have all constraint
triangle intersections. A directimplementation would test the visibil-
ity of each candidate polygon vertex by iterating over all constraints
intersecting the triangle, which is expensive. We instead precom-
pute, for each triangle vertex, a small summary that enalfié4°
visibility decisions during polygon construction.

For each triangle and each of its three vertices, we nd up to two
constraints: the closest and farthest constraints relative to that vertex
(some may not exist). The computation considers only constraints
that do not intersect the edge opposite the vertex. Among these,
the closest constraint is the unique one visible to the vertex, while
the farthest is the unique one occluded by all others (Figure 8).
We additionally handle the special case where a constraint passes
through the other two vertices exactly: such constraints must be
considered when determining the closest constraint, but can be
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Fig. 8. Nearestvs. farthest constraints. Two examples illustrating closest
and farthest constraints relative to triangle vertices.

ignored for the farthest constraint (hence farthest may be unde ned).
This preprocessing is a parallel reduction over constraints incident
to each triangle and runs in logarithmic time with respect to that
local incidence count. Afterwards, the visibility of a vertex to a
candidate constraint can be evaluated in constant time using the
precomputed closest/farthest tags and a small number of local tests.

6.5 Filling Holes

We now address the failure mode introduced by visibility pruning:
the creation of holes. Constraint enforcement should preserve the
validity of the triangulation; in particular, the local retriangulation
should cover exactly the region removed by intersected triangles.
Because all triangles produced by our retriangulation are valid, holes
can be detected by checking for missing coverage, equivalently by
monitoring local triangle counts.

A convenient local accounting is as follows. For each new edge
introduced that crosses a constraint, the number of triangles de-
creases by one; for each vertex that becomes visible to a constraint
(excluding constraint endpoints), the number of triangles increases
by one. Holes can occur only in the speci ¢ con guration where, in
a triangle a ected by multiple constraints, each of its three vertices
is visible to a di erent constraint. For example, in Figure 8 (right),
constraint 4 does not increase the number of intersected edges
(they were already intersected by other constraints), but it reduces
the number of vertices visible to, and 3 by taking exclusive vis-
ibility of . This reduces the number of triangles that should be
generated by one, leaving a hole. All other con gurations preserve
the expected local count and therefore cannot produce holes.

Hole shape. All holes produced by our procedure are convex poly-
gons; the proof is given in Appendix A.2.

Detecting holes and triangulating convex polygons are both
straightforward in parallel, so we omit details. In practice holes
are rare on real datasets and the repair overhead is negligible.

7 PARALLEL EDGE FLIPPING
7.1 Classical Algorithm Workflow

Algorithm 2 Edge ipping propagation (one thread).

Input: A seed edge 4, initialize per-face ags for this pass
1: FlipEdge'4°
2: Let B 5 be the two incident faces of4
3: Initialize a small local worklist ( f4j4 2 5p° 3°4 < 4g
4: while ( is not empty do

5. Pop an edgerom (

6. if InCircle4 @ then

7: Let 5% be the unlocked one of the two incident faces45f
8: if TryLockt5 ® then

9 FlipEdget4®

10: ( f4j4 2 5 %4 < &g (bounded capacity)

11: end if

12.  endif

13: end while

tested in parallel using the InCircle predicate; non-Delaunay edges
compete to claim their two incident faces by writing an identi er
(often the edge ID or a random priority) into per-face records us-
ing atomic operations (e.gatomicMin/atomicMay. In the second
kernel, each edge re-reads the two face records. The edge is ipped
only if it is the winner in both incident faces, which guarantees
that no two concurrent ips share a face and thus preserves mesh
validity. These rounds repeat until no edge violates the Delaunay
criterion.

In our pipeline, vertex insertion is decoupled from edge ipping.
This simpli es insertion and enables the data structure used in
Section 6.2, but it means that the triangulation can be farther from
Delaunay, increasing the number of required ips. This motivates
an aggressive yet safe GPU strategy for the ipping stage.

7.2 Improvement: Per-Thread Flip Propagation

Two empirical observations guide our optimization. First, despite
the arithmetic cost of InCircle, runtime is dominated by memory
tra c: repeatedly scanning the entire edge list and updating face
records incurs substantial global reads/writes. Second, most ips
occur in the rst few rounds; later rounds process only a small
residual set of edges, yet still pay the xed overhead of launching
kernels and sweeping large bu ers.

We therefore aggregate work by allowing a thread that success-
fully ips an edge to continue ipping additional nearby edges in
the same local region. This reduces (i) global passes over all edges,
and (i) the number of bulk-synchronous rounds, while keeping the
same safety guarantee that no two concurrent ips operate on the
same face.

We now describe Algorithm 2. Before propagation begins, we
identify a set of mutually non-interfering seed edges using the same
face-claiming mechanism as the classical work ow and initialize
per-face atomic ags. The faces adjacent to seed edges are marked as
locked, while all other faces are initialized as unlocked. A ag value
of 1 denotes a locked face, and 0 denotes an unlocked face. Suppose
athread is assigned a seed edge shared by triangle$o and) ;.

After ipping o1, the mesh connectivity changes locally and may

Awidely used GPU edge- ipping scheme proceeds in bulk-synchronousreate new non-Delaunay candidates among adjacent edges, for

rounds. Each round has two kernels. In the rstkernel, every edge is
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example, an edge incident Jq and)». Unlike the classical method,
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which would terminate the thread and defer these candidates to later improves the locality of neighborhood access during point location
global rounds, our thread immediately tests neighboring edges and and insertion.

ips those that are eligible. To avoid con icts, we use per-face atomic In addition, we apply the same idea to connectivity data by re-
ags: an edge ip is performed only if the thread successfully locks  ordering triangles according to the Morton order of their centroids.
the unlocked incident face. Since the other incident face has already Although edge ips modify local connectivity and can move trian-
been locked either during initialization or by the current thread, gles between neighborhoods over time, the computation remains
TryLock can be implemented using a simple atomic operation. This largely local, and the initial ordering still improves cache behavior
ensures that concurrent threads never ip edges that share a face, and memory coalescing for a substantial portion of the execution.
exactly as in the classical face-claiming approach, but now applied In practice, this simple preprocessing consistently reduces memory-
inside a local propagation loop. tra c overhead in the ipping kernels.

Novelty and relation to prior GPU schemes. Classical GPU edg
ipping treats each ip as an isolated operation selected by a global 5 IMPLEMENTATION AND RESULTS
competition per round. Our method performs region-growing ip 9.1 Implementation
propagation: each thread executes a short sequence of dependentyye jmplemented gCDT in CUDA and evaluated it on an NVIDIA
ips within a face-disjoint local region, amortizing memory tra ¢ GeForce RTX 4090 (24 GB) using CUDA Toolkit 12.9. All GPU base-
and kernel-launch overhead. Conceptually, the unit of work is no  |ines were compiled and executed in the same environment. CPU
longer a single edge but a small ip chain con ned by face locks.  paselines were evaluated on a desktop PC with an Intel Core i9
13900K and 32 GB RAM.

All inputs are sanitized by a lightweight preprocessing step (e.g.,
removing duplicate vertices and invalid/redundant constraints). Fol-
lowing common practice, we report runtimes excluding preprocess-
ing, and apply the same convention to the compared methods.

We evaluate on two synthetic suites (unconstrained and con-
strained) and three vectorized-image datasets:

Bounded local worklists. A practical challenge is implementing
the neighbor exploration e ciently. Maintaining an unbounded set
(is infeasible on the GPU: in the worst case, a single thread could
touch a large fraction of the mesh, requiring dynamic allocation
and unpredictable execution time. We therefore use a xed-capacity
local worklist per thread and discard over ow. In practice, we found
that a small capacity (e.g., 8) captures the vast majority of pro table

propagation opportunities. Moreover, near-optimal performance Synthetic: Four benchmarks with 1M 9M vertices under
is achieved as long as the exploration reliably includes the edges four point distributions and no constraints (Figure 9).
incident to the two faces created/modi ed by the seed ip (i.e., Synthetic-cons: Six benchmarks with 1M uniformly dis-
the immediate 1-ring around the ipped edge); deeper propagation tributed vertices and 150K constraints; cases vary the constraint-
yields diminishing returns. length distribution from short segments to scene-spanning
constraints (Figure 10).
8 OPTIMIZATIONS Leafs: Vectorized image with many short constraints and an
We present two optimizations that improve performance while pre- approximately uniform spatial distribution (top of Figure 11).
serving decoupling. Airport: Vectorized image with a small number of long con-
straints and a non-uniform spatial distribution (bottom of
Upsampling (coarse-to- ne seeding). Decoupling vertex insertion Figure 11).
from Delaunay edge ipping improves parallelism and enables the Letters: Vectorized SIGGRAPH with multiple long con-
insertion history tree, but it can also produce an initial triangula- straints; includes a larger instance (Letters 910K) to highlight
tion that is far from Delaunay for challenging point distributions the challenging regime (Figure 1).

(e.q., clustered or highly anisotropic samples). A poor initial mesh
increases the number of non-Delaunay edges and the propagation  Baselines and numeric settings. Our primary GPU baseline is
distance of ips, in ating the cost of the subsequent ipping stage.  gDel2D [Cao et al2014; Qi et al2013, 2019], a widely used and
To mitigate this e ect, we adopt a coarse-to- ne strategy. We  actively maintained GPU-based CDT implementation. We also re-
rst uniformly sample a small subset of vertices, compute a De- port results for PCDT [Coll and Guerrieri 2017] when it completes
launay triangulation on this subset, and then insert the remaining  successfully. For CPU comparisons, we use CGAL as a canonical ro-
vertices into this triangulation using our parallel insertion proce-  pust reference implementation. Unless stated otherwise, gCDT uses
dure. This seed triangulation provides a higher-quality starting  the xed-precisionint128 predicates from Section 4, while GPU
point, reducing the number of ips required later, while maintaining  baselines use oating-point arithmetic with exact predicates [Qi
the structural advantages of decoupling. Empirically, we ndthat et al. 2019].
even a modest sample fraction yields a noticeable reduction in the

total ip workload. 9.2 Results
Pre-sorting for locality. Improving spatial locality is essential on Synthetic (Delaunay only). On unconstrained triangulation, gCDT
GPUs because the edge- ipping stage is predominantly memory- consistently outperforms gDel2D on uniform and moderately per-

bound. We therefore pre-sort vertices by Morton code [Lauterbach turbed distributions, re ecting the bene ts of our ip-stage optimiza-
et al 2009], a standard technique that increases cache coherence andtion and locality improvements (Sections 7 and 8). As inputs become
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more adversarial, the gap narrows, consistent with the reduced par- provides only a marginal bene t and can slightly increase overhead.
allelism available to ip-based restoration. In this grid-structured  Overall, the proposed edge- ip propagation consistently reduces
setting, predicate computation becomes a dominant factor, so the ipping time, and its bene t becomes more pronounced as scene
performance gap between CGAL and GPU-based methods narrows complexity increases.

relative to the other benchmarks. In contrast, gCDT bene ts from

its xed-precision integer predicate pipeline and achieves a larger 10 CONCLUSION AND LIMITATIONS

speedup over other GPU-based methods. We presented gCDT, a GPU algorithm for large-scale 2D constrained

Synthetic-cons (constraints). With constraints, gCDT delivers large Delaunay triangulation. By decoupling vertex insertion, constraint

and stable gains, especially when long constraints are present. While enforcgmgnt, .and Delaunay re;toratlon, gCDT converts an |rregular
prior GPU methods are sensitive to constraint length due to load CDT pipeline into three GPU-friendly phases that can be optimized

imbalance and long recovery chains, our segment-wise traversal independently. Our constraint module enforces arbitrary valid seg-

and retriangulation-based enforcement keeps runtime largely in- ments bylload-ba!a.nced, segment-.W|se strip traversal and Iogal re-
sensitive to constraint scale (Figure 13). PCDT does not complete trlangulatlon_, avoiding Ipng Ip chains. For Delaunay restoration,
the hardest constrained case in single precision in our environment; \(/jv_e _proi)ose P propaflg_atlon tzat I_ets altrE)relad pezjform g short,t_fa_ce-
we report its double-precision result where applicable. Although ISjoin stezquerllqe (I)I |ps,(;e ucing g pta roun Z‘ant amor !ng
robust CPU libraries remain strong baselines for complex constraint memory tra c. minally, xed-precision integer predicates provide

con gurations, the throughput advantage of GPUs allows gCDT to dheterm|r_1|§_tlcarlent2D/!EC(|jrcled deC|s_|c_)ns En thz GPU forinputs
remain faster than CGAL overall in these tests. that tW".[ In the prescribe ' xed-precision bounds.
Experiments on synthetic and real planar straight-line graphs

Real-world datasets. On vectorized-image datasets, gCDT proshow substantial speedups over prior GPU and CPU implementa-
vides strong end-to-end speedups and remains robust on challenging tions while maintaining stable performance under complex con-
instances with long, non-uniform constraints. On the Letters bench- straint networks. On an NVIDIA GeForce RTX 4090, gCDT trian-
mark, constraint enforcement becomes negligible in our pipeline; the gulates inputs with up to 10 million vertices in about 0.1 seconds
overall runtime is then dominated by Delaunay restoration, while  (excluding preprocessing).
gDel2D remains bottlenecked by constraint enforcement. In the
constraint module alone, gCDT is nearly three orders of magnitude
faster than gDel2D on this dataset. CGAL also performs competi-
tively on several benchmarks, surpassing the other GPU baselines
in some cases. This is mainly because the Airport and Letters bench-
marks have vertex and constraint distributions that are unfavorable
to ip-based GPU methods, leading to more Delaunay-restoration
iterations. Nevertheless, gCDT remains faster than CGAL on these
benchmarks.

Overall, gCDT is most advantageous over gDel2D and PCD
when constraints are long or densely distributed, because segment-
wise traversal and local retriangulation avoid long recovery chains.
Its advantage over CGAL becomes most pronounced at larger input  Future work. Improving the quality of the seed triangulation (be-
scales, where GPU throughput o sets synchronization overhead; yond our simple coarse-to- ne sampling) could further reduce ip
the gap narrows when Delaunay restoration dominates the runtime.  workload and improve worst-case behavior. We also plan to inte-

Breakdown. We report a phase breakdown over representative grate g_CDT into GPU pipelines_forplangr arrangements an_d Boolean
benchmarks (Figure 14). Insert includes coarse-to- ne seeding; operations, where CDT-like retriangulation is a key subroutine [Guo

Constraint includes intersected-triangle discovery, retriangulation, and Fu 2024; Levy 2025].
and hole repair; Flip is Delaunay restoration. Constraint time

correlates primarily with constraint geometry (especially length),

whereas insertion and ipping are more sensitive to vertex distribu-

tion.

Limitations. Our xed-precision pipeline requires mapping co-
ordinates to an integer grid; for oating-point inputs, quantization
can merge nearby vertices and change near-degenerate con gu-
rations, producing results that may di er from exact-real imple-
mentations. For applications with stringent precision requirements,
additional preprocessing may be needed to validate the quantized
input, and postprocessing may be required to verify consistency
with the original oating-point geometry. In such cases, a oating-

T point or adaptive-precision variant may be preferable. Moreover,
as in other ip-based parallel restorations, adversarial distributions
can reduce independent ips and increase iteration counts.

Ablation study. To evaluate the contribution of the edge- ipping
optimization in Section 7, we conduct ablation experiments on
benchmarks where ipping accounts for a large fraction of the
total runtime (Figure 15). We compare three variants: gCDT -1 dis-
ables vertex sorting, gCDT -2 disables face sorting, and gCDT-3
disables the ip-propagation optimization described in Section 7.2.
Face sorting is naturally enabled by our work ow and is evaluated
as a separate locality optimization. On the Airport benchmark, ver-
tices are already nearly ordered; therefore, additional vertex sorting
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Fig. 9. Synthetic. Four benchmarks with TM-9M vertices under four point
distributions and no constraints. In Ring, vertices lie in a circular annulus
with inner radius 0.45 and width 0.01. In Grid, vertices lie exactly on grid
points.

Case 1 Case 2 Case 3

Fig. 10. Synthetic-cons. Six benchmarks with 1M uniformly distributed
vertices and 150K constraints; cases vary the constraint-length distribution
from short segments to scene-spanning constraints. For visualization only,
we render 1,000 vertices and 150 constraints; the actual benchmarks are
1000 larger.
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Fig. 11. Leafs and Airport. Leafs (top) is a vectorized image with many
short constraints and an approximately uniform spatial distribution. Airport
(bottom) is a vectorized image with a small number of long constraints
and a non-uniform spatial distribution. In each row, the left shows the
original image and the right shows the extracted constraints. The size and
distribution of constraints in these two benchmarks are completely different.
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Fig. 12. Speedups relative to6 4;2 .The vertical axis shows the speedup
of gCDT over6 4;2 .In Delaunay-only scenarios, gCDT achieves more
than a 1 35X improvement.

Table 1. Uniform. All data represents runtime in milliseconds.

|| 9gCDT | gDel2D | PCDT | CGAL | Sp.
M || 15.26 4298 | 7936 | 495.03 | 2.82

3M || 22.49 61.52 | 180.67 | 1433.14 | 2.74
5M || 33.23 79.96 | 315.88 | 2432.50 | 2.41
7™M || 63.88 100.21 | 477.73 | 3462.96 | 1.57
OM || 87.25 121.48 | 594.62 | 4494.27 | 1.39
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